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High-temperature series expansions of the susceptibility and second moment to 
15th order are calculated for zero external field on the linear chain (LC), plane 
square (PSQ), simple cubic (SC), and body-centered cubic (BCC) lattices. 
Checks for specific models against pertinent work in the literature are detailed. 
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1. I N T R O D U C T I O N  

High-temperature series expansions have proven to be a powerful method 
of studying lattice models. In particular, much attention has been devoted 
to the comparison of predictions for critical exponents derived from series 
expansions and from renormalization group methods (see, e.g., Refs. 1). 

The unrenormalized lattice strong coupling expansion in quantum 
field theory is directly related to the high-temperature series expansion of 
statistical mechanics, with the square of the bare coupling playing the role 
of temperature. The expansions are lattice- and potential-dependent, of 
course, but the dependence on potential can be absorbed into vertex 
functions, which then can be left general, so that the remaining coefficients 
are only a function of lattice geometry. 

In this paper, we use a diagrammatic prescription very similar to that 
of Bender e t  al. ~2) to obtain the high-temperature (strong coupling) expan- 
sion of any scalar spin theory (quantum field theory) with nearest neighbor 
interactions with an even spin density (potential). We compute the suscep- 
tibility Z and the second moment #2 in zero external field to 15th order in 
the expansion parameter for four diffeent lattices: the linear chain (LC), the 
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plane square lattice (PSQ), the simple cubic lattice (SC), and the body- 
centered cubic lattice (BCC). 

The power of this method is derived from three characteristics of the 
approach: 

1. The graph counting and combinatorial weighting have been com- 
pletely automated, so that computer resources (and not human 
stamina and fallibility) limit the order of perturbative calculations. 
The graph counting method is new. 

2. The absence of tadpoles (lines beginning and ending at the same 
vertex) greatly reduces the number of graphs that must be 
considered to a given order. 

3. The spin-density-dependent (potential-dependent) information is 
entirely contained in the vertex functions, so that once the 
pertinent graphs have been enumerated, the series is applicable to 
any spin-density (potential) that is even. 

In Section 2 we give a brief description of the expansion and how it 
may be reexpressed as a series of terms each of which factors into separate 
lattice-dependent and spin-density-dependent terms. In Section 3 we outline 
how one-vertex irreducible subgraphs (OVIS) may be used to generate the 
set of the one-particle irreducible graphs that are then assembled to form 
all graphs that contribute to the 15th-order expansion. The algebraic 
procedure used to form the susceptibility and second moment from the 
one-particle irreducible graphs is described in Section 4. The results, which 
extend the tenth-order tables of Kincaid et al., (3) appear in a similar tabular 
form in Section 5. A discussion of the consistency checks made on them can 
be found in Section 6. The Appendix describes in some detail the new 
algorithm used to generate the OVIS. 

The results of this paper have already been used to study hyperscaling 
in the Ising model. (4) 

2. T H E  D I A G R A M M A T I C  E X P A N S I O N  

Using the language of quantum field theory, we begin with a 
generating functional (partition function) on a d-dimensional Euclidean 
lattice 

which is the lattice version of the continuous generating functional 

Z [ J ] = f [ D O ] e x p { - f d 4 x [ l ( o o ) 2 + V ( r  (2.2) 
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The potential V(~bi) is a local one, which depends only on the value of the 
field at site i; Ji~bi is a source term. The "off-diagonal" piece of the kinetic 
energy operator may be extracted from the action to act as an operator on 
the remaining portion of the functional integral, 

with v = a  (~+2). This produces a formal expansion for the generating 
functional, from which the n-point Green's functions of the theory 
(correlation functions) can be obtained by a simple diagrammatic 
procedure. 

In a strong coupling expansion, the diagrams are organized by 
increasing powers of v, the expansion parameter. This parameter counts 
the number of free inverse propagators (lines) in the graph, in contrast 
to the organization of graphs by increasing powers of g (vertices) in 
weak coupling expansions. The n-point connected Green's functions 
Gn(~bl, ~b2,..., ~b,) of the theory at zero source field can then be computed 
from Z(J )  by taking functional derivatives with respect to the external 
source J(~b): 

6 In Z [ J ]  J=0 (2.4) a~(~b,, ~b2,... , ~b,) = 6J(~b,~ 6J(~b,~ 

Normalization of the generating functional is of no concern, therefore, if we 
restrict our attention to Green's functions. 

Since we consider only potentials that are even in the field variable ~b, 
all vertices represent the intersection of an even number of bare 
propagators. As in the usual high-temperature series expansion, we have 
only factored out the off-diagonal portion of the kinetic energy operator, 
and as a result there are no graphs containing tadpoles. 

The n-point connected Greens' functions can be constructed from the 
formal expansion through a given order in v by the use of a set of diagram- 
matic rules. Following Bender et al., (2) we list these rules for constructing 
n-point Green's functions to order N in the internal line counter v: 

1. Draw all connected graphs with no tadpoles having a total of n 
external lines and N internal lines. The vertices of these graphs must be the 
intersection of an even number of lines (external or internal). This 
enumeration of graphs is general to all even scalar theories in zero external 
field. 
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2. Associate with every 2p vertex the amplitude 22p given by 

~ 2p "~- 1)P W2p 

where the W2p are the vertex functions defined by 

exp ~ J2PW2p-~dOexp{-aa[V(O)+d~bZ/a2+JO]} (2.5) 
p=o (2p)! ~dOexp{-ad[V((~)+dOZ/a2]} 

The vertex functions carry all potential-dependent information, but are 
lattice-independent. 

3. With each graph, associate two different coefficients: the 
topological symmetry number and the free multiplicity. 

(a) The topological symmetry number is the inverse of the number of 
ways that an identical graph may be obtained by relabeling the internal 
lines and vertices of the graph. This number is potential- and lattice- 
independent. 

(b) The free multiplicity counts the number of ways that a given 
graph with fixed external lines may be embedded onto the chosen lattice 
with the vertices corresponding to lattice sites and the internal lines con- 
necting neighboring sites. This number is potential-independent but lattice- 
dependent and may be zero, in fact, for some graphs on some lattices. 

4. Form the product of the vertex amplitude, the topological 
symmetry number, the free multiplicity, and v -"/2 to arrive at the total 
contribution to the series from each graph. 

5. Sum the contributions of all graphs. 

We implemented these rules through 15th order for several different 
lattice geometries on a DEC-10 using primarily FORTRAN, and to a 
lesser extent the symbolic manipulation routines ASHMEDAI (5) and 
REDUCE. (6) Before describing our technique for building all connected 
graphs from a smaller set of graphs, let us illustrate the rules above with an 
example. 

Suppose we wish to compute the susceptibility [that is, the two-point 
correlation function G2(x, y) when summed over all external points (y)] for 
an even scalar theory on a plane square lattice through third order in our 
perturbation parameter v. We begin by enumerating all graphs relevant to 
this order, i.e., those containing no more than three internal lines. They are 
shown in Fig. 1. 

The topological symmetry number and free multiplicity are also shown 
for each of these graphs. Notice that the topological symmetry number 
depends only on the shape of the graph, but the free multiplicity depends 
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Fig. 1. All graphs contributing through third order to the strong coupling expansion of the 
two-point Green's function Gz(X, y). External lines are dashed; internal lines are solid. The 
topological symmetry number of each graph is shown with the free multiplicity of the graph 
for different embeddings (x, y) on a plane square lattice. The total contribution of each graph 
to the susceptibility through third order is also given. 

on the shape of the graph, the type of lattice, and the relative location of 
the external legs. For  example, the graph with two internal lines and three 
vertices can be placed on a plane square lattice in only one way if the exter- 
nal points are (0, 0) and (2, 0). But the same graph can be laid onto the 
plane square lattice in two different ways if the external points are (0, 0) 
and (1, 1). Note, too, that the last graph in the list does not contribute on a 
plane square lattice, but would contribute on a plane triangular lattice. 

Counting the number of internal lines to arrive at the appropriate 
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power of v is trivial, and the sum over one of the external points y (up to 
three lattice units away from x) of all contributions then gives the suscep- 
tibility to third order. 

3. O N E - V E R T E X  I R R E D U C I B L E  S U B G R A P H S  

In order to automate the graph bookkeeping to the largest possible 
extent, we first build a subset of graphs, called the kernel. These graphs are 
constructed according to the rules of the previous section for the two-point 
function, with the added restriction that they be one-particle irreducible. 
One-particle irreducible graphs are those that cannot be separated into two 
disjoint graphs by the removal of a single internal line. From the kernel 
K(x, y), other physical quantities of interest, such as the full two-point 
function G2(x, y) may be built. The kernel itself is built from smaller 
building blocks, which we call one-vertex irreducible subgraphs (OVIS). (7) 
The set of OVIS is the set of all one-particle irreducible graphs in the two- 
point function for which the removal of any internal vertex will not 
separate the graph into two disjoint pieces only one of which contains both 
external legs. Such a set of graphs is, in fact, equivalent to the full kernel if 
the vertex functions are appropriately redefined. In this section we describe 
the algorithm for generating OVIS and the vertex redefinition. 

All OVIS through sixth order in the internal line counter are shown in 
Fig. 2, with the redefined vertices indicated as dots centered in open circles. 
For each graph, the topological symmetry number is shown along with the 
free multiplicity for all possible embeddings on a plane square lattice. The 
degrees of a graph are the number of lines that enter each of its vertices. 
The sum of the degrees must equal 2 N +  n, where N is the order of the 
graph and n is the number of external legs. In the Appendix we describe 
our new algorithm for generating all such OVIS to a given order together 
with their topological symmetry numbers and lattice-dependent free mul- 
tiplicities. 

Having generated the OVIS, the task of applying the appropriate 
vertex redefinition remains. The redefinition must build the full kernel by 
the addition of graphs that are one-vertex reducible. The redefined vertices, 
the M2e, can then be expanded as a power series in the previously defined 
W2p. This redefinition can be thought of pictorally as beginning with a 
"bare" W2p v e r t e x  and attaching vacuum "decorations" that have an even 
number of internal lines and bare W2p internal vertices. The sum of all 
possible decorations to a given order form the "decorated" Mzp vertex 
functions of the OVIS. Thus, the set of OVIS hide in their decorated ver- 
tices the elements of the kernel that are one-vertex reducible. 

Shown in Fig. 3 is the pictorial expansion through fourth order of the 
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Fig. 2. All one-vertex irreducible subgraphs contributing through sixth order to the strong 
coupling expansion. External lines are dashed; internal lines are solid. The redefined, or 
"decorated," vertices M2p are shown as dots centered in open circles. The topological 
symmetry number of each graph is shown with the free multiplicity for different embeddings 
on a plane square lattice. The degrees are also shown for each graph. 

decorated vertex of lowest degree, M 2 ,  into its bare vertex decorations. The 
algebraic expansion is also given to the same order for comparison. Each 
decoration is of even order and is associated with its own topological 
symmetry number. The bare vertices of the decorations are all internal and 
their positions are therefore summed over freely to obtain the free mul- 
tiplicity sum, which, although independent of the external positions x and 
y, is, of course, lattice-dependent. Notice that for decorations the sum of 
the degrees is again equal to 2 N + n ,  where N is now the number of 
internal lines added by the decoration and n is the degree of the decorated 
vertex. 

We choose this redefinition for the vertex functions of the OVIS since 
a simple substitution of the series expansions in the bare Wzp for the 
decorated Mzp produces composite graphs for which the topological 
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Fig. 3. All decorations contributing through fourth order to the decorated vertex M 2. Lines 
associated with the decorated vertex are dashed; lines internal to the decoration are solid. The 
decorated vertex is shown as a dot in an open circle; the bare vertices are shown as dots. The 
order of each decoration is shown with its topological symmetry number. The free multiplicity 
sum for each decoration is shown here for embeddings on a plane square lattice. The degrees 
for each decoration are also indicated. 

symmetry  numbers  and free multiplicit ies are a simple p roduc t  of those for 

the const i tuent  O V I S  and decorat ions.  This p rocedure  again lends itself to 

au tomat ion .  

4. T H E  S U S C E P T I B I L I T Y  X A N D  T H E  S E C O N D  M O M E N T  IJ2 

By expanding  the decora ted  vertices of the set of O V I S  to a given 
order,  one generates the full one-part ic le  irreducible kernel K(x, y). F r o m  

this kernel, the fol lowing then may  be easily found: the two-po in t  funct ion 



High-Temperature Expansions to 15th Order 455 

G2(x, y); its sum over external y, namely the susceptibility • = Zy  G2(0, Y); 
and the second moment of the two-point function #~ = Zy G2(0, y) y2. 

The two-point function Gdx,  y) is the sum of all graphs with vertices 
connected to external lines at (x, y). All such graphs can be formed 
from the kernel K(x, y), and the bare propagator P(x, y) by forming the 
following series, which can then be truncated at the desired order: 

G 2 ( x , y ) = K ( x , y ) +  ~ K ( x , x ' ) P ( x ' , x ' ) K ( x ' , y ) +  . . .  (4.1) 
x',x" 

The bare propagator is simply related to the line counter v, since 

P(x, y) = v{6~.y+a + (~x,y-fi} (4.2) 

where fi is a vector that lies along one of the positive lattice axes and 
connects neighboring lattice points. 

The susceptibility Z is the sum over one external point of the two-point 
function 

g ~ - Z  G2(0, y) (4.3) 
Y 

If we further define an integrated kernel Ko as 

K~ ~ ~, K(0, y) (4.4) 
Y 

then, using the translation invariance of the lattice, we may write the 
susceptibility as the following power series in Ko: 

X= ~ (2rtv)PK~ +~ (4.5) 
p--O 

where q is the number of axes of symmetry for the lattice. Since Ko itself is 
a power series in v, we must remember to keep in each term of Eq. (4.5) 
only those pieces that contribute to the desired order of expansion. 

As an example, consider the susceptibility through third order in v on 
a plane, square lattice (q =2).  The one-particle irreducible graphs con- 
tributing to the kernel at this order are shown in Fig. 4. The integrated 
kernel Ko is thus given by 

Ko= m2q-2v2W2W4-[-2u3W~4 (4.6) 

The reader may verify (against Fig. 1) that substitution of this expression 
into Eq. (4.5), keeping terms no higher that v 3, will reproduce the full set of 
graphs with their corresponding contribution to the susceptibility. 
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Fig. 4. All kernel graphs through third order on a plane square lattice. External lines are 
dashed; internal lines are solid. The contribution of each graph to the integrated kernel K 0 is 
shown. 

The second moment  ~/,L 2 is defined as 

#2 = ~ G2(0, y) y~ (4.7) 
y 

and is not translationally invariant. It is related to the Fourier transform 
(~2 of G2 by 

#2 = - Vp2G2(p) Ip = o (4.8) 

From Eq. (4.1) we have 

G2(p) = K(P) + K(P) P(P) K(P) + ""  (4.9) 

o r  

K(p) (4.10) G2(P) = 1 - P(p) R(p) 

Now using the fact that  the two-point function is an even function of p, 
(lattice isotropy), we apply - V p  2 to Eq. (4.10) to arrive at 

- [ v ; R ( p ) 3  . = o  
#2 = 1 -- P(p) K(p) 

JP(p)[VpZK(p)] + [V2p(p)]  K(P)~ 
- K(P) ~ [1-?(p) ~(p)12 j p = o  

(4.11) 
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Note that 

P(O) = ~ P(O, y) = 2v~/ 
y 

K(0) = ~ K(0, y) = Ko 
y 

-V2p(0 )  = ~ P(0, y) y2 = 2vr/ 
y 

and further, define K2 to be the second moment of the kernel, that is 

(4.12) 

-VpZR(p) Ip=o = ~ K(0, y ) y 2 = K  2 
Y 

So, as a power series in Ko, 

(4.13) 

K2 + 2vq/~o 
#2= ~ - - ~ =  ('K 2-k- 2vr/K~0 ) ~ (p+l)(ZvrIKo) p (4.14) 

p = 0  

Since K 2 begins at order v, so does the second moment #2. 
As an exercise, the reader may verify that through third order on a 

plane square lattice the second moment is 

I.t2=4vW~2 + 32v2W3 +v3(192W4 +1614~2W4 + 2W~4) (4.15) 

Using ASHMEDAI and REDUCE, the series in Eqs. (4.5) and (4.14) 
were expanded algebraically and truncated at the 15th order for four 
different lattice geometries. The results are presented in tabular form at the 
end of the paper. 

5. T H E  R E S U L T S  

The results of our strong coupling expansion of the susceptibility Z 
and second moment ~2 are given in Tables I and II respectively. We have 
tabulated the series, order by order, in a form that is completely analogous 
to the tenth-order tables of Kincaid etaI., (3) whose work we extend here 
through 15th order. Note that Kincaid etal. computed Z and /~z on the 
more complicated triangular and face-centered cubic lattices, and also 
computed 6~2~/63H 2 for all lattice geometries considered; we did not. 

The series may be reconstructed from the tables by multiplying each 
partition by the corresponding coefficient and summing through the 
desired order. The coefficients contain all the lattice-dependent information 
and are tabulated for the four lattice geometries of this work: linear chain 

822/49/3-4-4 
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(LC), plane square (PSQ), simple cubic (SC), and body-centered cubic 
(Bcc). 

The partitions are grouped by leading power of the expansion 
parameter v and indicate (in ascending order) the degree of each strong 
coupling moment I2, found in that term. The moments are related to the 
vertex functions 1412, through 

J2nI2n ~ j2n'm2n' (5.1) 
,=0 (2n)! = e x p  (2n')! 

and contain, therefore, all the potential-dependent information. By differen- 
tiating both sides of Eq. (5.1) with respect to J, we obtain 

~12,,j2,,-1 ( ~ W2,J2,,' 1~( ~_, I2mj2tn) 
Y = 

n ~ l  n 1 

(5.2) 

Now, by collecting like terms in powers of J, we arrive at the following 
recursive formula for the expansion of the I2, as a power series in the Wzn: 

{ ~  W2., I2(._.,) t 
/2, = (2n - 1)! (22----1)! [ 2 ( n - n ' ) ] !  

n 1 
(5.3) 

Note that for convenience, and to ensure that all coefficients listed in the 
tables are integers, we have multiplied each coefficient in the leading nth 
order by n!. 

To illustrate the format via an example, consider the susceptibility on 
a plane square lattice to third order. Table I indicates the following series 
in terms of the moments I2n: 

I )2  / )3 

Z = 12 + 4vI2 +~.. ( 2013 + 41214) "~- -~.I (13214 + 7212I  4 "~ 4I]) (5.4) 

Using Eq. (5.3), we find 

I2 = W2, /4 = W4 + 314~2 (5.5) 

The reader may verify that substitution yields the expression for the suscep- 
tibility on a plane square lattice through third order previously found in 
Fig. 1. 

The complete set of tables is available from the authors in computer- 
ready form, via electronic mail or magnetic tape. 
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6. V E R I F I C A T I O N  

Our series extend an existing body of literature in strong coupling 
expansions in field theory and high-temperature expansions in statistical 
mechanics. For a description and comparison of the methods of expansion 
used in these two fields, see the Appendix of Ref. 7. We have checked our 
series against those in the literature wherever comparison is possible, and 
review the most stringent checks below. In all cases, our series agreed with 
those found elsewhere. 

The most general work preceding ours is that of Kincaid et aL (3) Their 
series for the susceptibility Z and second moment #2 are identical to ours 
through tenth order (the highest computed by them) for all four of the 
lattice geometries we considered. 

To check our results at an order higher than ten, we must rely on 
special choices of the potential. The spin-S Ising model has been well 
studied. The moments I2~ in this model can be easily derived, since there is 
no self-interaction term [V(~b)= 0], and the off-diagonal nearest neighbor 
spin-spin interaction plays the role of the kinetic energy operator in lattice 
field theory. The internal line counter and expansion parameter v is 
replaced with the coupling parameter J / k T S  2, where J is now the spin 
exchange constant and the external field is the magnetic field H. With these 
identifications and Eqs. (5.1) and (2.5), the moments I2n in the spin-S Ising 
model can be found from 

I2,h 2n _ sinh[ Y( h/2 ) ] (6.1) 

,=o (2n)! Ys inh(h /2 )  

(where Y = 2 S +  1 and h = H / k T ) ,  by expanding the left-hand side and 
matching like powers of h. 

For example, for the spin-l/2 Ising model, Y=2 and one finds from 
Eq. (6.1) that 

I2n = 1/(2) 2", v = 4 J / k T  (6.2) 

With these substitutions, the linear chain (LC) spin-l/2 results are trivial 
and easily checked against closed-form expressions. Our plane square 
(PSQ) series for z and #2 agree with those of Wu etal.  (8~ through 15th 
order. Our series on a simple cubic (SC) lattice match those of 
Sykes et al. (9~ for X through 15th order, those of Moore et al. (1~ for #2 
through order 12, and, of course, those of Roskies (4) for #2 through 15 
orders. The most extensive spin-l/2 series for Z and #2 on a body-centered 
cubic (BCC) lattice are the 21st-order results of Nickel, (n) which agree 
through order 15 with our own. 
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In conclusion, we have extended through 15th order the strong 
coupling (high-temperature) series for the susceptibility X and second 
moment #2 for models that are even in a scalar potential on four different 
lattice geometries: linear chain (LC), plane square (PSQ), simple cubic 
(SC), and body-centered cubic (BCC). Our algorithm for generating these 
series has the advantage of separating lattice-dependent from model- 
dependent considerations, and is computationally efficient. The graph 
enumeration scheme we use is new, and is described in the Appendix. Less 
general series in the literature are consistent with our own. 

APPENDIX.  GENERATION OF GRAPHS 

The basic problem in a graphical enumeration scheme is to ensure that 
each different graph is counted once and only once. If one has an algorithm 
for generating graphs, one must generally develop a canonical form for 
graphs and accept a new graph only if it is in canonical form. One has also 
to assure that every canonical form is generated once and only once. This is 
a difficult problem (see, e.g., Ref. 12). It sometimes requires searching 
through a large list of already generated graphs to see that the newly 
generated one is different from all of those in the list. 

But in our case, as explained in the text, we multiply the contribution 
of each graph by its topological symmetry number. So we can afford to 
generate a graph more than once, provided that we associate with it a 
pseudosymmetry number, which has the property that the sum of the 
pseudo-symmetry numbers for the graphs equivalent to a given graph is the 
correct symmetry number for that graph. This is usually wasteful, but we 
were able to use it to find a graph-generating algorithm that eliminated the 
need for keeping track of the graphs already encountered. 

It is easy to find a canonical representation for a graph. Represent it 
by a symmetric connection matrix whose rows and columns represent the 
vertices and whose (i, j)th entry indicates the number of lines joining vertex 
i to vertex j. We can introduce an ordering of matrices (say lexical ordering 
reading row by row). A graph will be in canonical form if its corresponding 
matrix is the highest of all equivalent graphs obtained by an arbitrary 
permutation of its vertices. The problem then is to check whether a given 
matrix is lexically higher than all equivalent matrices obtained by an 
arbitrary permutation of its vertices. This is potentially very time-con- 
suming, because the number of permutations grows rapidly with the size of 
the graph. There are trivial simplifications, such as ordering the vertices by 
their degree and considering only subgroups of permutations that permute 
only vertices of the same degree. This is still too time-consuming to be 
practical. 
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We present a graph-generating scheme that will sometimes generate 
copies of equivalent graphs, but will associate to them a pseudo-symmetry 
number that has the desired property mentioned above. As the degree of 
the graphs grows, the number of copies of equivalent graphs grows, too, 
but to the order we work (15 lines), this overcounting is not serious. It 
would be more severe if we went to much higher order (as Nickel (11) has 
done). 

Suppose that a particular N x N  connection matrix M is given. We 
label its vertices 1 through N, corresponding to its rows and columns. A 
matrix obtained by permuting the rows and column of M clearly represents 
the same graph, but may be represented by a different matrix. For example, 
the graph shown in Fig. 5 with two different vertex labelings can be 
represented by two different corresponding matrices. 

What follows is the algorithm for accepting a particular connection 
matrix and computing its pseudo-symmetry number ps. First set ps = 1. 
Then examine the vertices in order, making sure that they have been 
chosen to satisfy certain criteria. At any stage we assume that N V  vertices 
have already been chosen, and that they are numbered 1 to NV. The next 
vertex must satisfy the following conditions: 

1. It must be the highest degree vertex remaining. If there are several, 
it must be the one connected to the lowest-numbered chosen vertex. If 
there are several, it must be the one also connected to the next-lowest-num- 
bered chosen vertex, and so on. If there are still several, pick the one 
connected to the highest number of unchosen neighbors of the lowest-num- 
bered chosen vertex. If there are several, it must be the one connected to 

t ~ 2  3 0 2 0 
= 2 0 I 

0 I 0 

3 io2 1 2 0 0 
o o) 

Fig. 5. Connection matrices corresponding to two vertex labelings of a simple graph. 
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the highest number of unchosen neighbors of the next-lowest-numbered 
chosen vertex, etc. (The distinguishing feature of this algorithm is that it 
stops after examining the chosen vertices or their nearest neighbors only.) 

2. If there are still several candidate vertices, divide ps by the number 
of such candidate vertices. 

3. If there are still unchosen vertices, go to step 1. If not, the graph 
matrix is acceptable and its pseudo-symmetry number is the value of ps. 

As an example, consider the graph shown in Fig. 6. Its first vertex is 
unique (the one of degree 4). The next vertex can be chosen in four 

2 4 2 5 

5 5 3 4 

4 2 5 2 

5 3 4 3 

3 4 3 5 

2 5 2 4 

4 3 5 3 

5 2 4 2 

Fig. 6. Vertex labelings consistent with the algorithm given in the text. Since there are eight 
such labelings, the connection matrix associated with these labelings would have associated 
with it a pseudo-symmetry number  of 1/8. 
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equivalent ways. The position of the third vertex is then uniquely deter- 
mined by the rules of step 1. Having chosen vertices 2 and 3 as shown in 
the first column of the figure, we can choose the fourth vertex in two ways. 
The choices for the remaining vertices are completely determined by the 
algorithm. The pseudo-symmetry number for this graph is 1/8, which 
coincides with the true symmetry number. 

As a second example, consider the graph shown in Fig. 7. It will 
appear as three different acceptable connection matrices, corresponding to 
the vertex labelings shown. The corresponding pseudo-symmetry numbers 
for the labelings shown in Fig. 7 are 1/8, 1/24, 1/12. The true symmetry 
number is 1/4 = 1/8 + 1/24 + 1/12. 

2 4 

6 1 

3 5 8 

P s e u d o - s y m m e t r y  number 

1 

8 

4 2 6 

5 3 7 

I 

24 

3 2 6 

12 

4 5 8 

Fig. 7. An example of labelings for each of three acceptable connection matrices associated 
with the graph shown. According to the algorithm given in the text, each matrix would be 
accepted with the pseudo-symmetry number shown, which sum to the true symmetry number 
of the graph. 
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One of us (R.Z.R.), discovered this algorithm empirically. The 
following beautiful proof of its correctness is due to J. Norman Bardsley, to 
whom the authors are very grateful. 

Consider any graph with N vertices and symmetry number S. Assign, 
in order, the indices 1 to N to the vertices. At each stage, the next vertex 
can be chosen according to any topological relation that may depend on 
the indices previously assigned. Each ordering of  the vertices 2 is given a 
weight co;. Initially, that weight is set to unity. If at any stage in the 
assignment of indices the choice of the next vertex is arbitrary with 
degeneracy d, then d copies of the graph are made corresponding to the 
assignment. The weight of each copy is reduced by the factor d. When an 
ordering is complete, the connection matrix is constructed. Two orderings 
2 and 2' are equivalent if their matrices are identical. Then: 

1. There are exactly 1/S orderings in each equivalence class. 

2. Each ordering in the same class has the same weight. 

3. If Z '  represents a restricted sum over orderings including only one 
member of each class, then 

~ '  co). = S (A1) 
2 

since 

- ] ~ '  . 
1 = ~ ~o~ = S ~ ~ (A2) 
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